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Power Spectra and Spatial Pattern Dynamics
of a Ring Laser
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Experimental measurements of power spectra of a single longitudinal and trans-
verse mode ring dye laser are presented that reveal the critical slowing down of
the laser near threshold. External pump noise serves as a probe of the frequency
response of the dye laser. Detailed comparisons of the spectral characteristics
with computer simulations and an approximate analytic theory are given. The
dynamics of spatial pattern formation in a multimode dye laser is examined
through measurements of first-passage-time distributions. A comparison of the
experiments with computer simulations based on a simple theoretical model of
the two-mode laser shows qualitative agreement. These measurements indicate
that there are a variety of complex phenomena associated with the transverse
mode pattern formation dynamics that need to be addressed theoretically and
studied further experimentally.
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1. INTRODUCTION

The problem of random flights and the phenomenon of Brownian motion
provided some of the earliest examples for the study of stochastic
processes.”” Lord Rayleigh realized that these questions were formally
identical to “that of the composition of # isoperiodic vibrations of unit
amplitude and of phases distributed at random.”® These initial
investigations led the way for the development of the theory of stochastic
processes and its application to diverse physical and chemical
phenomena.®

The statistical nature of the electromagnetic fields emitted by light
sources, particularly those in the visible, was recognized in numerous
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efforts to quantify notions of the coherence of light.® The invention of the
laser brought renewed activity to this area, and focused on the necessity to
clearly define coherence and differentiate between the light emitted by laser
and thermal sources. The early research on the coherence properties of
optical fields was reviewed in the classic paper of Mandel and Wolf.* The
classical and quantum definitions of coherence®® were reconciled in the
optical equivalence theorem. !9

The study of the coherence properties of laser light rapidly proved to
be an important testing ground for the theory of stochastic processes.!’ In
recent years, the study of random phenomena in lasers has revealed the
importance of non-Markovian noise sources in the determination of the
coherence properties of lasers.!?) The nonlinear character of lasers has also
become widely recognized through the discovery and interpretation of a
wide variety of chaotic phenomena, many of which had been dismissed
earlier as “noise effects” of mysterious origin.('?)

In this paper, we concentrate on random phenomena in lasers that
are caused by noise sources; the influence of spontaneous emission and
external pump noise will be considered. Though lasers operate primarily
through stimulated emission, spontaneous emission from the inverted
atoms or molecules is always present, and constitutes an inevitable source
of noise. External pump noise is present in secondary lasers that are
pumped by other (primary) lasers. The pump noise often has a time scale
of fluctuations that is comparable to the times for decay or growth of the
secondary laser field, and must then be treated as a non-Markovian noise
source. The noise in the primary pump laser intensity affects the population
inversion in the secondary laser medium. Such noise is also present when
the mechanism for creation of the inversion contains fluctuations, e.g., the
injection current fluctuations in semiconductor lasers."*) Though pump
noise can in principle be reduced, there are also fundamental limits to this
reduction. Johnson noise provides such a limit in semiconductor lasers. The
reduction of pump noise in semiconductor lasers is of considerable impor-
tance for the production of squeezed states.'”

The experimental studies reported here were performed on a ring dye
laser (an important example of secondary lasers) pumped by an argon ion
laser. The dye laser may be operated in a single longitudinal and transverse
mode. It may also be operated such that several longitudinal and trans-
verse modes coexist simultaneously. The laser system is described in Sec-
tion 2. In Section 3 we will examine power spectral measurements for a
single-mode dye laser for a wide range of operating power levels. An
approximate analytic solution to the stochastic equations for the laser with
additive (spontaneous emission) and multiplicative (external pump) noise
sources will be compared with the experimental results. Computer
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simulations of the stochastic differential equations verify the accuracy of
the analytic results for operation of the laser above threshold, and reveal
inadequacies of the approximation near threshold. The power spectra of
the dye laser may be represented as a product of two Lorentzians, a form
discussed by Sigeti and Horsthemke in a recent paper."® These
measurements show that the response of the secondary laser to the
fluctuations of the primary laser intensity is very sluggish near threshold.
Far above threshold, the secondary laser reproduces the pump noise quite
faithfully. An interpretation of these observations in terms of the critical
slowing down of the dye laser near threshold is given.

Section 4 provides a brief review of the first-passage-time (FPT) con-
cept and its use in the study of noise phenomena in lasers. The application
of passage time measurements to multimode lasers is then described. In
contrast to the FPT distributions for single-mode lasers, it is found that
multimode lasers may display distributions with multiple peaks. In a ring
dye laser, these multiple peaks are observed when the laser operates in two
or more transverse modes simultaneously. Photographs of steady-state
transverse mode profiles are presented, and then the dynamics of the
formation of these beautiful spatial patterns are examined through passage
time distributions. A qualitative comparison of these distributions with a
theoretical model is presented. A discussion and summary of the results is
presented in Section 3.

2. EXPERIMENTAL APPARATUS

The experimental apparatus used for the experiments is shown in
Fig. 1. A ring dye laser is pumped by an argon ion laser (514.5 nm) that is
intensity stabilized with an electro-optic modulator. The electro-optic
stabilizer allows us to operate the dye laser near threshold for long periods
of time without appreciable drift of the operating point, since the average
pump power is maintained constant to within a fraction of a percent. The
pump laser fluctuations are reduced, but not eliminated, by the stabilizer.
The dye laser is enclosed in a box to minimize air currents and dust. The
entire apparatus rests on a vibration-isolated table, and its mode structure
is monitored with a confocal Fabry-Perot interferometer to ensure that it
is operating in a single mode. A Faraday rotator and compensator are used
to obtain unidirectional operation, and intracavity etalons are used to
select a single longitudinal mode. For the first-passage-time measurements
to be described in Section 4, an acousto-optic modulator (AOM) is
introduced into the cavity. To produce one or more higher order modes,
the pump mirror was tilted slightly to cause a mismatch between the pump
and dye beams within the active medium. The nature of the fluid flow in
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Fig. 1. (a) Experimental setup for the measurement of power spectra for a single-mode
unidirectional ring dye laser. (b) Experimental apparatus for the measurement of first-passage-
time distributions for the ring laser. A large-surface-area photodiode ensures that the entire
spatial mode is incident on the photosensitive surface.
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the dye jet at the spot where it was pumped by the argon laser also affected
the spatial mode structures. The transverse mode structure of the laser is
monitored by enlarging the beam with a lens and projecting it onto
a screen. For the power spectral measurements, two fast photodiodes
with <1 nsec risetime were employed. A large-area (EG & G SGD 160)
photodiode with a risetime of <7nsec was used for the passage time
measurements on the transverse modes. This is still fast enough for the
measurements, and the surface area is large enough to capture the entire
beam. The argon laser was used without the intensity stabilizer and with an
all-lines mirror for the transverse mode measurements, since a higher pump
power is necessary to achieve lasing in one or more higher order transverse
modes simultaneously.

In the case of the power spectral measurements, the pump and dye
laser outputs were detected and stored in a digital oscilloscope, and fast
Fourier transforms (FFT) were performed on the data to yield the power
spectra. The power spectrum was averaged several times, and the resulting
spectrum displayed. The width of the spectrum can be read off in a
prescribed manner and plotted for different points of operation of the laser.

For the passage time measurements, the laser is g-switched with the
AOM and a start pulse input to a time to pulse height analyzer. When the
laser output intensity crosses a certain threshold as determined by a dis-
criminator, a stop pulse is input to the analyzer. The output pulse of the
analyzer is proportional in height to the time interval between the start and
stop pulses, thus giving the first passage time distribution for the laser
intensity to reach a desired level. The discriminator threshold can then be
set to a different voltage and the entire procedure repeated to obtain the
corresponding passage time distribution. The pulse height analyzer output
is stored in a microcomputer for later analysis.

3. POWER SPECTRA FOR THE SINGLE-MODE LASER

Initial measurements of power spectra of a single-mode dye ring laser
were recently reported by us''” to describe pump noise propagation
from pump to secondary lasers. The dye laser was shown to behave like a
low-pass filter near threshold, while above threshold the pump laser
fluctuations were reproduced with greater accuracy. Here we report new
measurements of power spectra for steady-state operation of the dye laser
taken over a wide range of operating points from very near threshold to far
above threshold. We compare the widths of these power spectra to those
obtained theoretically from an analytic approximation and also from
computer simulation of the nonlinear stochastic equations of motion.
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The power spectrum of the argon laser was measured, and the full
width at half maximum of a Lorentzian fit to the low-frequency portion of
the spectrum was determined to be 5 x 10* Hz. This value was used for all
the calculations. It should be noted that the argon laser power spectrum is
not exactly Lorentzian in shape. Only the low-frequency portion of the
spectrum is fitted with the Lorentzian; at higher frequencies there exist
peaks in the spectrum which are not taken into account here. However,
these peaks are several tens of dB below the zero-frequency value and
occur at frequencies well beyond those that determine the low-frequency
response of the dye laser to pump fluctuations, and may be assumed
negligible for our purpose. The individual power spectra for the dye laser at
different operating points are very similar to those shown in ref. 17 and will
not be reproduced here. To estimate the width of these power spectra,
which decay much faster than a Lorentzian, we chose the value at 30 dB
below the zero-frequency value. This is a somewhat arbitrary choice, but is
dictated by the fact that the power spectra are almost indistinguishable
from each other if the full width at half maximum is taken. This becomes
clear also when we examine the spectra from the analytic calculations and
simulations.

The equation of the electric field for the dye laser is given by

E=ayE—A|E? E+ p(t) E+q(1) (1)

where p(t) is a colored pump noise term and ¢(¢) is a delta-correlated
spontaneous emission noise term. The parameter a, is the average net gain
of the laser, while A is the saturation coefficient. The statistical properties
of the two noise terms are given by

(qlt) g*(1')y = 2RS(1 — 1) )
{p(t) p*(t')y = DI, exp(— |t — 1| I',) (3)

where R and D are the noise strengths of the spontaneous emission and
pump fluctuations and 1/I", is the time scale of the pump noise. To solve
this equation numerically, we need a further equation to generate the
colored pump noise. The method introduced by Sancho et al."* was used,
and the auxiliary equation

p()= —I,p(t)+T,q'(1) (4a)
<q'(1) g*(t')> =2Dé(1—1') (4b)

was iterated simultaneously with Eq. (1). Since the field and the noise terms
are actually complex, we numerically solve the four equations for the real
and imaginary components. Since only fluctuations about the steady state
are being measured, we allowed the laser intensity to approach steady state
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before storing the intensity values on which the FFT was performed to
generate the power spectra. The number of steps used was 16,384, and a
total of 50 trajectories were averaged over to produce the spectra shown in
Fig. 2. The strengths of the noise terms used here are R =0.004 sec ! and
D =1x10%sec™!; these were obtained from FPT measurements on the dye
laser,') as was the value of 4 =1x 10° sec~'. The low-pass filter action of
the dye laser is clear from Fig. 2, where the power spectra normalized to
the value at zero frequency are plotted for several different values of a,.
The parameter q, is equal to G —k, where G is the gain and x is the cavity
decay rate. For the dye laser used in this experiment, x =1 x 107 sec ™",
Threshold is defined by the condition G=k«, and hence a,=0. Above
threshold, a,= k#, where the relative excitation above threshold is defined
as n=G/k—1. Thus, a,=1x10%sec™! corresponds to n=0.1, ie,
operation 10% above threshold.

A comparison of theory and experiment is provided in Fig. 3, where
we have plotted the widths of the simulated power spectra at the point
30 dB below the zero-frequency value for different values of a, as well as
those obtained from the experimental measurements. The agreement
between the experiment and Monte Carlo calculations (triangles) is quite
good, over the entire range of output power from 0.1 to 25 mW. It is seen
that the widths of the power spectra saturate at a few mW. The power at

!O T T T T T L 1 1
0.00 125 250 375 500 625 750 875 1000
FREQUENCY (10°Hz)

Fig. 2. Power spectra obtained from Monte Carlo simulation of Egs. (1)-(4). The net gain
coefficient a, is (a) 1 x 107, (b) 1 x 105, (c) 5 x 10%, (d) 1 x 10%, () 5 x 104, and (f) 5 x 10% sec !,
respectively. The other parameters are R=0.004sec™!, D=5x10%sec™?, I',=5x 10%sec™!,
and 4 =1x10%sec™",
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Fig. 3. Comparison of the widths (at —30dB) of experimentally measured power spectra
(O) and those obtained from the simulations (4) and analytic approximation (solid line) of
Eq. (9).

which saturation occurs is dependent on the definition of the width of the
power spectrum. The solid line shown in the figure is obtained by noting
the width of the spectrum (at the —30dB point) calculated from the
analytic approximation described below.

Though analytic solutions for the nonlinear differential equation (1)
with colored noise are not available, it is possible to obtain a good analytic
approximation to the behavior of the power spectra above threshold if a
linearized analysis is performed. Equation (1) can be transformed into one
for the laser intensity I=|E|?,

[=2agI— 241> + R+ 2p,(1) I +24,(1) I'? (5)

where the subscript r denotes the real part of the complex noise terms.
Fluctuations of the intensity about the steady-state average value I(¢) are
denoted by 6(¢), defined through the equation

I(ty=I(t) + 6(¢) (6)

The steady-state average intensity above threshold is given by I'=a,/A.
The differential equation for 6(¢) becomes, upon linearization,

8(t) = [zao —4AI+2p,() + 11;1(/12) (1) +2q.() T2 +2p,(1) 1'] (7)
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If the noise terms in the square bracket are neglected in comparison with
2a,—4AI, the equation may be Fourier transformed and solved for &(w),

2a4+ io

where the quantities with tilde are Fourier transforms. The power spectrum
of the laser intensity fluctuations is now obtained from Eqgs.(2), (3),
and (8):

B o 4R (D/AY 3T
St@) = 8@ = o s+ s I @ 4 T ©)
where I', =2a,. The first term is dependent only on the spontaneous
emission, and will be negligible above threshold. The second term is the
product of two Lorentzians, and demonstrates exactly the same behavior
as seen from the direct simulation of the equation for the electric field. Far
above threshold, the power spectrum approaches that of the pump laser
noise. The Lorentzian of width I", is now much broader than the one with
width I",, and it is the latter that determines the shape of the overall
spectrum. For operation near threshold, the value of /', approaches I',,
and the width of the spectrum becomes much narrower than that of the
single Lorentzian for the pump noise.

Several power spectra obtained from Eq.(9) are shown in Fig. 4.

POWER SPECTRUM
(NORMALIZED)

-6

lO T 3 T T T T T
0.00 125 250375 500625 750 875 10.00
FREQUENCY (I0°Hz)

Fig. 4. Power spectra from the analytic approximation in Eq. (9). The values of the net gain
coefficient are varied as in Fig. 2 and /', =5x 10" sec™",
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A comparison of the curves in Fig. 4 with those of Fig.2 reveals that
there is excellent agreement between the simulations and the analytic
approximation for high values of a,. As a, decreases, and the laser is
operated closer to threshold, the difference between the solution of the non-
linear equations and the linearized approximation becomes clear. However,
even for operation at 0.1% above threshold, the linearized solution
reproduces the numerical results quite well, particularly if the widths of the
spectra are compared at the —30dB point. This is obvious from an
examination of Fig 3, where the widths obtained from experiment,
simulations, and analytic calculations are all seen to be in good agreement.

The form of the power spectrum in Eq. (9) is identical to one con-
tained in the recent paper by Sigeti and Horsthemke.!'>) They derive this
form of the power spectrum in a discussion of the differences in power
spectra for systems that are chaotic and those that are driven by noise. Qur
measurements are an example of the latter, and demonstrate exactly the
behavior expected for systems driven by colored noise.

The behavior of the dye laser near threshold as a low-pass filter for the
fluctuations of the pump laser illustrates the critical slowing down that
occurs in the laser. The analogy of the overdamped motion of a particle in
a potential well to the laser is well known. The equation for the potential
obtained from the equation for / [Eq. (5)] is

V(I)= —aol?+ 241 (10)

Near threshold, a, is small, and the potential is flat near the origin. The
motion of the particle is very slow, and it does not respond to fast fluc-
tuations. This is the phenomenon of critical slowing down. For operation
far above threshold, the well of the potential becomes sharp, and the
relaxation time for the particle motion becomes much shorter. The particle
responds to external fluctuations on a much shorter time scale. In the case
of the laser, the response of the secondary laser to fluctuations of the pump
laser is slow near threshold and faster above threshold. The external noise
functions as a probe of the critical slowing down of the laser near
threshold.

In this section we have examined the effect of external noise on the
low-frequency fluctuations of the intensity of a single longitudinal and
transverse mode ring laser operated in the steady state. We will now
proceed to describe our studies of the dynamics of spatial patterns in a
multimode laser. The effect of external noise on the time evolution of
these patterns is investigated by measurements of the first-passage-time
distributions of the laser intensity.
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4. SPATIAL PATTERN DYNAMICS IN A MULTIMODE LASER

Spatial patterns in the light emitted by lasers are determined by the
resonator or optical cavity that confines the light. Solutions of the wave
equation for the resonator under the paraxial approximation are well
known and several studies have recorded the spatial patterns
corresponding to different transverse modes of the resonator.*” Numerical
techniques for the analysis of resonators consist of propagation of a
wavefront through the cavity, subject to the correct boundary conditions
until it settles down, and a wavefront that repeats on every round trip in
both phase and amplitude is obtained.

The most basic spatial pattern of the radiation from a stable resonator
is a two-dimensional Gaussian mode, and the higher order modes are
products of Hermite functions in x and y (for a rectangular geometry), the
two transverse dimensions, assuming that the z axis is coincident with the
beam propagation direction in the cavity.®") Figure 5 shows several of the
higher order spatial modes generated in a dye laser with mirrors of large
enough diameter that their cylindrical geometry is ineffective in deter-

Fig. 5. Higher order spatial modes generated in a dye laser. These modes are respectively
(a) TEM, 4, (b) TEM,,, (c) TEM;,, (d) TEM;,, and (e) TEM,,.
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Fig. 5 (continued)
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mination of the mode shapes; optical components at Brewster’s angle also
break the cylindrical symmetry. Consequently, the effect of rectangular
symmetry is evident. These pictures were taken with the laser operating
continuously in the steady state.

Though the existence of higher order transverse mode spatial patterns
has been well known for many years, the dynamics of the formation of
these patterns has not been studied, to our knowledge. We present here the
results of an investigation of the transient dynamics of pattern formation.
The technique used for this purpose is the measurement of first-passage-
time distributions, which we used earlier with single-mode lasers to charac-
terize the magnitudes and time scales of noise sources that induce
fluctuations in lasers."® An acousto-optic modulator is used to Q-switch
the dye ring laser while it is pumped by an argon ion laser. The time taken
by the laser intensity to grow from the spontaneous emission background
to a preset reference level is measured as shown in Fig. 1b. Repeated
measurements of this first passage time are stored in a microcomputer and
displayed in histogram form as a distribution. The FPT distributions
measured for a single longitudinal and transverse mode laser (ref. 19)
display a single peak that moves progressively to longer times as the
reference level of the intensity (/) is set closer to average steady-state
intensity I ;. Analysis of the shift and change in shape of the peak allows us
to determine the characteristics of the noise sources that affect the growth
of the laser radiation.

When the measurements of the FPT distributions of the single
longitudinal and transverse mode laser were performed, it was noticed that
occasionally the distributions obtained consisted of more than one peak. At
first it was thought that these multiple peaks were due to the occurrence of
more than one longitudinal mode. It rapidly became clear that if this was
indeed the case, the coupling coefficients of the modes®” must be
extremely small, so that they could grow independently of each other.?*
At the same time, a calculation of the coupling coefficients between
longitudinal modes of a unidirectional ring laser showed that the coupling
would necessarily be strong, unlike in the case of the standing wave laser,
where the existence of spatial hole-burning can lead to minimal coupling
between modes.*® The only possibility that remained was the existence of
two spatially distinct modes that grew from the spontaneous emission
background, and which utilized different regions (with little overlap) of the
inverted active medium for gain (such as the TEM,, and TEM, modes).

To verify this hypothesis, we monitored the spatial mode structure of
the laser by expanding the beam with a short-focal-length lens. The FPT
distributions shown in Fig. 6 are typical ones for the case of two coexisting
modes that are only minimally coupled since they do not appreciably
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Fig. 6. Experimentally measured first-passage-time distributions for two coexisting trans-
verse modes. The sequence of distributions corresponds to increasing values of the ratio of the
reference intensity 7, to the average steady-state intensity /.

overlap in the dye medium. We have repeated the measurements many
times to verify that multiple peaks in the FPT distributions occur only
when two or more transverse modes coexist. The simplest situation is that
of the two lowest order TEM modes, as mentioned earlier. The intensity
trace for the initiation of the laser in this situation consists of a curve with
a kink or plateau as shown in Fig. 7, where we have simulated the growth
of the intensity for two uncoupled modes on the computer. This plateau on
the intensity trajectories is responsible for the presence of the second peak
in the FPT distributions that are measured for the appropriate values of
[ref/lss'
The equations for the time evolution of the two-mode laser are

Ey=a,E;— A, |E\|*E,— 0, |E,|” E, + p(1) E, + ¢,(1) (11)
Ey=a,E,— A, |Eo|> E;— 0, |E,|* Eo+ p(t) E, + (1) (12)
where E, and E, are the complex fields of the two modes, a, and «a, are the
net gain coefficients, 4, and A4, are the saturation coefficients, #,, and 8,,

are the coupling coefficients,®> and the noise parameters have been defined
earlier.

In Fig.8 we show Monte Carlo simulations of FPT distributions
obtained from trajectories similar to those in Fig. 7 that qualitatively

822/54/5-6-9
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Fig. 7. Individual trajectories for the growth of the laser intensity as simulated from the
equations for the fields of the two-mode laser.
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Fig. 8. First-passage-time distributions obtained from numerical simulations of the two-
mode laser. The distributions are qualitatively similar to those of Fig. 6.
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reproduce the experimentally measured ones of Fig. 6. The parameters
assumed for the simulation are

a,=69x10°sec™!  0,=0,=0
a,=35x10%sec! R, =R,=1x10"%sec™!
A; =6.5x10%sec™! D=2x10%sec™!
A,=1x10%sec™! I,=6x10%sec*

These parameter values have not been selected by a systematic search
procedure; they are merely estimates that produce qualitatively similar dis-
tributions to those determined experimentally. Ten thousand trajectories of
1000 time steps each were used in the simulations, each time step being
10 nsec. We note that the correspondence between the simulation and
experiments is not quite perfect. We have assumed totally uncoupled modes
in the calculations. Further, and more importantly, we have not accounted
for the transverse dimensions in the calculations, but grossly simplified the
task by accounting only for the time dependence of the amplitudes.

In reality, the modes do overlap to some extent, and there is some
finite coupling between them. The inclusion of spatial dimensions is
necessary if an attempt is to be made to reproduce the quantitative
behavior of the modes. Thus, the results presented here are the simplest
possible approximation to the study of the dynamics of spatial pattern
formation in lasers.

An interesting feature of the simultaneous operation of the laser in two
distinct spatial patterns is the possibility of lasing at two separate
wavelengths. We are at present investigating the spectral behavior of the
two modes experimentally. It was seen in our initial measurements that the
Jaser may be bichromatic, with each of the two transverse modes lasing at a
different wavelength. The conditions necessary for such phenomena are
being explored in our laboratory. The broadband nature of the dye
molecule energy levels is certainly involved in such bichromatic lasing, and
a theory that incorporates this, such as that of Fu and Haken,®> may be
required to provide an accurate description of the laser.

5. DISCUSSION

The experiments on the power spectra of the single-mode ring dye
laser demonstrate the critical slowing down of the laser as it is operated
closer to threshold. The external pump noise serves as a probe of this
behavior, and the response of the dye laser to the pump fluctuations is to
act as a low-pass filter near threshold. An approximate theoretical analysis
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is found to be reasonably accurate for operation of the laser fairly far above
threshold, and computer simulations of the power spectra are compared
with both the experiment and analytic approximation. It is seen that near
threshold the power spectra calculated from simulations show significant
differences from the analytic approximation. It should be noted that these
measurements show a behavior of the power spectrum that is in agreement
with a theoretical treatment by Sigeti and Horsthemle, who investigated
power spectra for chaotic and noise-driven systems. The ring dye laser is an
example of the latter. The transient digitizer used in these experiments
limited us to eight bits of accuracy; we will investigate power spectra in the
future with higher precision; the exact nature of the falloff of the spectra at
high frequencies will then be better described.

The FPT measurements on the spatial patterns of the laser are the first
investigation of the transient growth dynamics of the transverse modes that
examine the effect of noise on the formation of the patterns. We have
shown that these spatial modes develop in an almost uncoupled fashion
and that their times of growth are different depending on the modes and
the net gain experienced by them. Clearly, we need to extend our
experimental techniques to obtain spatial resolution in our measurements
(for example, a gated video camera will be necessary to discern details of
the pattern formation) that presently are limited to a description only of
the overall growth characteristics. The spectral content of the laser needs
extensive study. Efforts to examine these aspects of spatial pattern
dynamics are underway in our laboratory. At the same time it will be
necessary to develop theoretical formalisms to describe these rich and com-
plex phenomena in nonlinear systems driven by noise.
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